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Abstract
We established order-preserving versions of the basic principles of functional
analysis such as Hahn-Banach, Banach-Steinhaus, open mapping and Banach-
Alaoglu theorems.
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1 Introduction
Recently researches in the field of idempotent mathematics and also Choquet integrals
intensively develop. Since its introduction in 1974 by Sugeno, the concept of fuzzy measure
has been often used in multicriteria decision making. Later in [1], the authors explained
the methodology of using the Choquet integral in multicriteria decision making. The
notion of idempotent measure (Maslov integral) finds important applications in different
part of mathematics, fuzzy topology, mathematical physics and economics (see the article
[2] and the bibliography therein). As well known idempotent measures and Choquet
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integrals are weakly additive, order-preserving functionals. But for this functionals there
not establish yet the basic principles (analogous principles of Functional Analysis). In
the present paper we will establish order-preserving versions of the the basic principles
of Functional Analysis such as the Hahn-Banach, Banach-Steinhaus, open mapping and
Banach-Alaoglu theorems.
Remind that partially ordered vector space is a pair (L,6) where L is a vector space
over the field R of real numbers, 6 is an order satisfying the following conditions:
1) if x 6 y, then x+ u 6 y + u for all x, y, u ∈ L;
2) if x 6 y, then λx 6 λy for all x, y ∈ L and λ ∈ R+.
If the conditions 1) and 2) hold then they say that 6 is linear order. A formation of
a vector space L with linear order 6 over R is equivalent to indicate a set L+ ⊂ L called
a positive cone in L and owning the properties:
L+ + L+ ⊂ L+; λL+ ⊂ L+, λ ∈ R+; L+ ∩ (−L+) = {0}.
In this case the order 6 and the positive cone K are connected by a relation
x 6 y ⇔ y − x ∈ L+, x, y ∈ L.
Elements of L+ is called positive vectors of L.
Let (L, L+) be a partially ordered vector space. We say [3] that L+ is full (or that
L+ is a full cone) if L = L+ − L+.
Let x ∈ L+. The point x is said to be an inner point of the cone L+ if for any
segment [x1, x2] containing x as an inner point, the segment [x1, x2] ∩ L+ also contains it
as an inner point. The set of all inner points of the cone L+ is called an interior of this
cone, and it denotes as IntL+.
Fix an inner point x0 ∈ L+. For a δ > 0 we determine a δ-neighbourhood (with
respect to the cone L+ and the point x0) of zero 0 ∈ L as following:
〈0; δ〉 = {x ∈ L : (δx0 ± x) ∈ IntL+}. (1.1)
It is easy to see that a family of the sets of the view (1.1) forms a base of neighbourhoods
of zero. A neighbourhood of an arbitrary point z ∈ L can be defined by the shifts of the
neighbourhoods of zero:
〈z; δ〉 = 〈0; δ〉+ z = {x+ z ∈ L : x ∈ 〈0; δ〉} =
= {x+ z ∈ L : (δx0 ± x) ∈ IntL+} =
= {y ∈ L : (δx0 ± (y − z)) ∈ IntL+}. (1.2)
Proposition 1.1 A collection
{〈z; δ〉 : z ∈ L, δ > 0}
forms a base of a Hausdorff topology on L. Further, L equipped with this topology becomes
a topological vector space.
Proof. The proof consists of direct checking.

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An element 1 ∈ L of a partially ordered vector space L is called (strongly) order unit
if L =
∞⋃
n=1
[−n1, n1]. This is equivalent to what for every x ∈ L there exists λ > 0 such
that −λ1 6 x 6 λ1. Let x ∈ L. A partially ordered vector space L is called Archimedean
if the inequality nx 6 1 executed for all n = 1, 2, . . . , implies x 6 0. In this case on L
one can define a norm by the equality
‖x‖ = inf{λ > 0: − λ1 6 x 6 λ1}. (1.3)
The obtained norm is said to be an order norm. A partially ordered vector space L
is called a vector space with an order unit if L has an order unit and L is an Archimedean
space. A topology on L generated by the norm (1.3) is called order (vector) topology. For
a subset X ⊂ L by IntX we denote the interior of X according to the order topology on
L. We accept the following agreement
x < y ⇔ y − x ∈ IntL+.
A set U(0E , ε) = {x ∈ E : −ε1E < x < ε1E} is an open neighbourhood of zero 0E
concerning to the order topology. As vector topology is invariant according to the shifts
then for every point x ∈ E a set U(x, ε) = {y ∈ E : −ε1E < y − x < ε1E} is an open
neighbourhood of x with respect to the order topology.
Proposition 1.2 The order topology and topology introduced by Proposition 1.1 on a
vector space with an order unit coinside.
The Proof is trivial.
2 Extensions of Order-Preserving Functionals
In this section we will prove the order-preserving functional’s variant of the Hahn-Banach
theorem, one of the basic principles of functional analysis.
Let L be a partially ordered vector space over the field R of real numbers, and L+
be a full cone in it. Let x1, x2 ∈ L be arbitrary various points. The set [x1, x2] =
{αx1 + (1 − α)x2 : α ∈ [0, 1]} is called a segment connecting points x1 and x2. A point
x ∈ [x1, x2] is an inner point of the segment [x1, x2] if x1 6= x 6= x2.
Definition 2.1 A subset B of a partially ordered vector space L is said to be an A-
subspace concerning a point x0 ∈ L if 0 ∈ B, and x ∈ B implies (x+ λx0) ∈ B for each
λ ∈ R.
The following assertion is evident.
Lemma 2.1 A subspace B of the partially ordered vector space L is an A-subspace ac-
cording to x0 iff it contains x0.
Note that the space L and its subspace {λx0 : λ ∈ R} are trivial A-subspaces. As
distinct from linear case the set {0} is not A-subspace.
It is easy to see that an intersection of any collection of A-subspaces is a A-subspace.
In particular, an intersection of all A-subspaces containing a given set X is the minimal
A-subspace, containing X ; this A-subspace we call as a weakly additive span of X , and
designate through A(X). The following statement describes a structure of the weakly
additive span of a given set.
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Proposition 2.1 A weakly additive span A(X) of a subset X of a partially ordered linear
space L consists of a (set-theoretic) union of {λx0 : λ ∈ R} and the collection of all sums
of the look x+ λx0, x ∈ X, λ ∈ R, i. e.
A(X) = {λx0 : λ ∈ R} ∪
⋃
x∈X,
λ∈R
{x+ λx0} =
⋃
x∈X∪{0},
λ∈R
{x+ λx0},
in particular, if x0 ∈ X then
A(X) =
⋃
x∈X,
λ∈R
{x+ λx0}.
The proof is obvious.
Let’s denote
Λ = {λx0; λ ∈ R}.
Then we have
A(X) =
⋃
x∈X∪{0}
(x+ Λ).
The last equality explains the name ‘A-subspace’. Every A-subspace A(X) consists
of the union of one-dimensional subspace Λ ⊂ L and affine subsets x+ Λ ⊂ L, x ∈ X .
Definition 2.2 A functional f : L→ R is called:
1) weakly additive (according to the point x0) if
f(x+ λx0) = f(x) + λf(x0), x ∈ L, λ ∈ R;
2) order-preserving (concerning to the cone K) if for every pair x, y ∈ L belonging
y − x ∈ K implies the inequality
f(x) 6 f(y);
3) normed (with respect to the point x0) if f(x0) = 1.
From the definition immediately follows that weakly additive functional is linear on
the one-dimensional subspace {λx0; λ ∈ R} of L. From here we have f(0) = 0.
Let (L, L+) be an partially ordered real vector space. A functional f : L → R is
called positive if f(L+) ⊆ [0,+∞). Each weakly additive, order-preserving functional is
positive. Really, let x ∈ K. Then x− 0 ∈ K. Since f is order-preserving functional, then
f(x) > f(0). Consequently, f(x) > 0. There exists a functional which is weakly additive,
positive but does not order-preserving.
Example 2.1 Let L = R2 = {(x1, x2) : xi ∈ R, i = 1, 2} be partially ordered vector
space with respect to the usual linear operations ‘·’ – the multiplication by real numbers,
‘+’ – the sum of elements of L, and to the pointwise order 6 on L, which defines as
(x1, x2) 6 (y1, y2)⇔ x1 6 y1 and x2 6 y2. The set L+ = {(x1, x2) ∈ R
2 : xi > 0, i = 1, 2}
is a positive cone in L. Define a functional f : R2 → R by the rule
f(x1, x2) =
1
2
(
x1 + x2 +
√
|x2 − x1|
)
, (x1, x2) ∈ R
2.
It is clear that f is a weakly additive and positive functional. But we have f
(
1
2
, 1
2
)
<
f
(
1
4
, 1
2
)
though
(
1
2
, 1
2
)
−
(
1
4
, 1
2
)
∈ K.
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Proposition 2.2 If an order-preserving, weakly additive functional f : L→ R is contin-
uous at zero 0 then it is continuous on all L.
Proof. Let for every ε > 0 there exist δ > 0 such that |f(x)| < ε for all x ∈ 〈0; δ〉 ⊂ L.
Let y ∈ L be an arbitrary nonzero element. Consider a neighbourhood〈
y;
δ
2
〉
=
{
z ∈ L :
(
δ
2
x0 ± (z − y)
)
∈ IntL+
}
.
For every z ∈
〈
y; δ
2
〉
we have:
1) f( δ
2
x0) + f(y) > f(z) since
(
δ
2
x0 + y
)
− z ∈ IntL+;
2) f( δ
2
x0) + f(z) > f(y) since
(
δ
2
x0 + z
)
− y ∈ IntL+.
From here follows that
|f(z)− f(y)| 6 f
(
δ
2
x0
)
. (2.1)
Now we take x ∈ L such that x− δ
2
x0 ∈ L+ and
3δ
4
x0 − x ∈ L+. Then f(
δ
2
x0) 6 f(x) and
f(x) 6 f(3δ
4
x0). On the other hand f(
3δ
4
x0) < ε so far as
3δ
4
x0 ∈ 〈0; δ〉. Consequently
|f(z)− f(y)| < ε for each z ∈
〈
y; δ
2
〉
. So f is continuous at y ∈ L. Thus f is continuous
on all L owing to arbitrariness of y ∈ L.

A weakly additive, order-preserving functional f : L → R is called bounded if
sup{|f(x)| : x ∈ 〈0; 1〉} <∞.
Proposition 2.3 A weakly additive, order-preserving functional is bounded if and only if
it is continuous.
Proof. Let f : L → R be weakly additive, order-preserving bounded functional. Let
f(x0) = a < ∞ and δx0 ± (z − y) ∈ IntL+. Then similarly to (2.1) one can show that
|f(z)− f(y)| < δf(x0) = δa, and consequently f is continuous.
Conversely, let a weakly additive, order-preserving functional f : L → R be con-
tinuous. Then there exists δ > 0 such that |f(x)| < 1 at all x ∈ 〈0; δ〉. In par-
ticular,
∣∣ δ
2
f(x0)
∣∣ < 1 so far as δ
2
x0 ∈ 〈0; δ〉. Hence, |f(x0)| <
2
δ
< ∞, i. e.
sup{|f(x)| : x ∈ 〈0; 1〉} < 2
δ
<∞.

Corollary 2.1 A weakly additive, order-preserving, normed functional is continuous (or,
the same, bounded).
The following statement is an analog of Hahn-Banach theorem for weakly additive,
order-preserving functionals.
Theorem 2.1 Let B be an A-subspace of the space L. Then for every weakly additive,
order-preserving functional f : B → R there exists a weakly additive, order-preserving
functional f0 : L→ R such that f0|B = f .
Proof. Let y ∈ L \ B. Put B′ = B ∪ {y + λx0 : λ ∈ R}. Obviously that B
′ is an
A-subspace of L. Put
B+ = {z ∈ B : z − y ∈ B} and B− = {z ∈ B : y − z ∈ B}.
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The obtained sets B+ and B− are not empty. Indeed, take λ > 0 such that y ∈ 〈0;λ〉.
Then evidently that 2λx0 ∈ B
+ and −2λx0 ∈ B
−.
Put
p+ = inf{f(z) : z ∈ B+}, p− = sup{f(z) : z ∈ B−}.
We have p− 6 p+. Indeed, y − z1 ∈ L+ if provided z1 ∈ B
−, and z2 − y ∈ L+ if provided
z2 ∈ B
+. From here we get z2− z1 ∈ L+. Consequently f(z1) 6 f(z2) for all z1 ∈ B
− and
z2 ∈ B
+, i. e. p− 6 p+. Take a number p, p− 6 p 6 p+ and put
f ′(y + λx0) = p+ λf(x0).
In such a way we define an extension f ′ of f from B on B′. From the definition
directly implies that f ′ is a weakly additive functional. We will show that f ′ is order-
preserving. It is order-preserving on B owing to f ′|B = f . Besides it is evident that f ′ is
order-preserving on {y + λx0 : λ ∈ R}. Let now z − (y + λx0) ∈ L+, where z ∈ B. Then
(z − λx0)− y ∈ L+, i. e. (z − λx0) ∈ B
+. That is why
f ′(z − λx0) = f(z − λx0) = f(z)− λf(x0) > p
+ > p = f ′(y),
i. e. f ′(z) > f ′(y + λx0). In the case when (y + λx0) − z ∈ L+ one can similarly show
that f ′(z) 6 f ′(y + λx0).
Thus, a weakly additive, order-preserving continuous functional f : B → R defining
on an A-subspace B can be extended to a weakly additive, order-preserving continuous
functional f ′ : B′ → R on a wider A-subspace B′ of L. At the same time the equality
f ′(x0) = f(x0) holds.
Consider the set of all pairs (B′, f ′) such that B ⊂ B′ ⊂ L where B′ is an A-subspace,
f ′ : B′ → R is a weakly additive, order-preserving continuous extension of f . The relation
(B′, f ′) 6 (B′′, f ′′) meaning that f ′′ : B′′ → R is a weakly additive, order-preserving
continuous extension of f ′ on a subspace B′′, B′ ⊂ B′′ ⊂ L, turns this set into a partially
ordered set in which all chains are bounded. By Zorn’s lemma there is the maximal
element (B0, f0) of this set. We will show that B0 = L.
Suppose that B0 6= L. Take any point y ∈ L\B0 and put B1 = B0∪{y+λx0 : λ ∈ R}.
Then f0 can be extended to f1 : B1 → R, and consequently, (B0, f0) 6 (B1, f1). We got a
contradiction with maximality of B0. So, B0 = L.

3 Uniform Boundedness Principle for Order-Preserving
Operators
Let (E,6) and (F,6) be partially ordered vector spaces.
Definition 3.1 A map T : E → F is said to be an order-preserving operator if for arbi-
trary points x, y ∈ E the inequality x 6 y implies T (x) 6 T (y).
Let (E,6) be a partially ordered vector space with an order unit 1E and (F,6) be
a partially ordered vector space.
Definition 3.2 A map T : E → F is said to be a weakly additive operator if T (x+λ1E) =
T (x) + λT (1E) takes place for each x ∈ E and λ ∈ R.
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The last definition immediately implies T (0E) = T (1E − 1E) = T (1E)− T (1E) = 0F ,
i. e. T (0E) = 0F for a weakly additive operator T : E → F .
The following statement shows weakly additive, order-preserving operators of vector
spaces with an order unit are automatical continuous.
Proposition 3.1 If E and F are partially ordered linear topological spaces with an order
unit then each weakly additive, order-preserving operator T : E → F is continuous.
Proof. We will show the operator T is continuous at zero 0E . At first we note the following
case. If T (1E) = 0F then T (x) = 0F for all x ∈ E since T is a weakly additive and order-
preserving operator, and for every x there exists λ > 0 such that −λ1E 6 x 6 λ1E.
So T (E) ⊂ {0F}. This case we will not consider, i. e. suppose T (1E) 6= 0F . Then
‖T (1E)‖ 6= 0.
Let V (0F , ε) = {y ∈ F : − ε1F < y < ε1F} be a neighbourhood of zero 0F in F ,
where ε > 0. Take the neighbourhood U
(
0E,
ε
‖T (1E)‖
)
of zero 0E in E. For each vector
x ∈ U we have − ε
‖T (1E)‖
1E < x <
ε
‖T (1E)‖
1E. Then −
ε
‖T (1E)‖
T (1E) < T (x) <
ε
‖T (1E)‖
T (1E)
since T is a weakly additive, order-preserving operator. From here we get ‖T (x)‖ < ε,
i. e. T (U) ⊂ V . Thus T is continuous at 0E. The following statement will finish the
Proof.
Proposition 3.2 If a weakly additive, order-preserving operator T : E → F of spaces
with an order unit is continuous at zero then it is continuous on all E.
The proof of this Proposition is similarly to the Proof of Proposition 2.2.

Remark 3.1 It is obvious that each linear non-negative operator on spaces with an order
unit is weakly additive and order-preserving. The converse, in general, is not true. But,
nevertheless, such operators are linear on a one-dimensional subspace {λ1E : λ ∈ R} ⊂ E.
In this case the image of the subspace {λ1E : λ ∈ R} at the map T is, as clearly, a one-
dimensional subspace {λT (1E) : λ ∈ R} ⊂ F . We have T (1E) ∈ F+ but it is optional
T (1E) ∈ IntF+. Therefore T (1E) is an order unit in T (E) but it is optional to be an
order unit in F . From here and Proposition 3.1 follows that for every weakly additive,
order-preserving operator T : E → F on spaces E, F with an order unit the inequality
‖T (1E)‖ <∞ takes place.
Remind the following notions. A set A in a normed space E is called bounded if
there exists R > 0 such that A can be placed into the ball {x ∈ E : ‖x‖ 6 R}. A
map T : E → F of normed spaces is called bounded if it carries over a bounded set in E
to a bounded set in F . It is obvious that the boundedness of the map T is equivalent
to limitation of the set {‖T (x)‖ : x ∈ E, ‖x‖ 6 R} for every R > 0. In other words,
sup{‖T (x)‖ : x ∈ E, ‖x‖ 6 R} <∞ for every bounded map T and for each R > 0.
The following statement shows weakly additive, order-preserving operators of vector
spaces with an order unit are automatical bounded.
Proposition 3.3 Each weakly additive, order-preserving operator T : E → F of spaces
with an order unit is bounded.
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The proof follows from Remark 3.1.
Let E and F be vector spaces with an order unit, 1E and 1F , respectively. A collection
H of weakly additive, order-preserving operators T : E → F is said to be equicontinuous
if to every neighbourhood V of zero in F there corresponds a neighbourhood U of zero
in E such that T (U) ⊂ V for all T ∈ H. If the collection H consists only one weakly
additive, order-preserving operator T , then H is equicontinuous as T is continuous, and
H is uniform bounded owing to boundedness of T . The following statement shows that
each equicontinuous collection of weakly additive, order-preserving operators on vector
spaces with an order unit is uniform bounded.
Proposition 3.4 Let E and F be vector spaces with an order unit, H an equicontinuous
collection of weakly additive, order-preserving operators T : E → F , and A a bounded
subset of E. Then for every T ∈ H there exists a bounded subset B of F such that
T (A) ⊂ B.
Proof. Put B =
⋃
T∈H
T (A). Since the collection H is equicontinuous then for every
neighbourhood V = V (0F , ε) of zero in F there exists a neighbourhood U = U(0E, δ) of
zero in E that T (U) ⊂ V for all T ∈ H. So far as A is bounded for enough big t ∈ R we
have A ⊂ tU . It is clear, that T (A) ⊂ T (tU). Assume that x ∈ tU . Then ‖x‖ < tδ, i. e.
−tδ < x < tδ. As T is weakly additive and order-preserving we have −tδT (1E) < T (x) <
tδT (1E), ‖T (x)‖ < tδ‖T (1E)‖, consequently, ‖
1
t
T (x)‖ < δ‖T (1E)‖ = ‖T (δ1E)‖ 6 ε.
Hence, T (tU) ⊂ tV . Thus T (A) ⊂ tV for all T ∈ H. It means that B ⊂ tV , i. e. the set
B is bounded.

The following result is a weakly additive, order-preserving operators’ variant of the
Banach-Steinhaus theorem.
Theorem 3.1 Let E and F be vector spaces with an order unit, H be a collection of
weakly additive, order-preserving operators T : E → F , and A be a set consisting of such
points x ∈ E that each orbit H(x) = {T (x) : T ∈ H} is bounded in F . If A is a set of the
second category then A = E and the collection H is equicontinuous.
Proof. Let V = V (0F , ε) and W = W (0F , ε
′) be neighbourhoods such that V + V ⊂ W
where V is the closure of V with respect to order topology in F . Put B =
⋂
T∈H
T−1(V ).
Let x ∈ A. Then for some positive integer n we have H(x) ⊂ nV by virtue of boundedness
of H(x). Hence T (x) ∈ nV or x ∈ nT−1(V ) for all T ∈ H. It means that x ∈ nB. Thus
A ⊂
∞⋃
n=1
nB. Thence at least one of the sets nB is the second category owing to A is so.
A map x 7→ nx is a homeomorphism E onto itself. Consequently the set B is the second
category. Continuity of operators T ∈ H implies B is closed in E. As B is the second
category set, it has an inner point. By the construction of B one can see that δ1E lies in
B as an inner point for enough small δ ∈ R. Let δ1E be such an inner point in B. Then a
set B − δ1E = {x− δ1E : x ∈ B} contains some neighborhood U = U(0E , δ
′) of zero and
T (U) ⊂ T (B − δ1E) = {T (x− δ1E) : x ∈ B} =
= {T (x)− δT (1E) : x ∈ B} = T (B)− δT (1E) ⊂ V − V ⊂W
8
for all T ∈ H. It means thatH is a equicontinuous collection. Then H is uniform bounded
by Proposition 3.4. That is why an orbit H(x) is bounded for each x ∈ E.

If a vector space with an order unit is is a Banach space with respect to order norm
then it said to be a complete space with an order unit. As each Banach space is a set of
the second category then Theorem 3.1 directly implies
Corollary 3.1 Let E be a complete space with an order unit and F a vector space with
an order unit, H a collection of weakly additive, order-preserving operators T : E → F ,
and a collection H(x) = {T (x) : T ∈ H} bounded in F . Then H is an equicontinuous
collection.
As Proposition 3.4 holds then Corollary 3.1 means that a pointwise boundedness of
an arbitrary collection weakly additive, order-preserving operators from a complete space
with an order unit into a vector space with an order unit implies a uniform boundedness
of this collection.
Let Let E and F be vector spaces with an order unit, {Tn} a sequence of weakly
additive, order-preserving operators Tn : E → F . If for every x ∈ E there exists a limit
lim
n→∞
Tn(x) then putting
T (x) = lim
n→∞
Tn(x), x ∈ E, (3.1)
we have a weakly additive, order-preserving operator. Indeed,
T (x+ λ1E) = lim
n→∞
Tn(x+ λ1E) = lim
n→∞
(Tn(x) + λTn(1E)) = T (x) + λT (1E),
and if x 6 y then
T (x) = lim
n→∞
Tn(x) 6 lim
n→∞
Tn(y) = T (y).
Corollary 3.2 Let Let E and F be vector spaces with an order unit, {Tn} a sequence of
weakly additive, order-preserving operators Tn : E → F . If there exists a limit lim
n→∞
Tn(x),
x ∈ E, then an operator T : E → F defined by (3.1) is also a weakly additive, order-
preserving operator.
4 Order-Preserving Variant of Open Mapping Theo-
rem
Remind that a map f : X → Y of topological spaces is called open at x0 ∈ X if for every
open neighbourhood of x0 in X there exists an open neighbourhood V of f(x0) in Y such
that V ⊂ f(U). A map is open on a topological space X if it is open at every point of X .
Lemma 4.1 Let E and F be vector spaces with an order unit, T : E → F a weakly
additive, order-preserving onto operator. If T is open at zero then it is open on all E.
Proof. Let for every neighbourhood U = U(0E , ε) of 0E its image T (U) = {T (x) : x ∈ U}
be open. We have 0F ∈ T (U) as T (0E) = 0F . Thence there exists an open neighbourhood
V = V (0F , δ) of 0F such that V ⊂ T (U).
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Now let x0 ∈ E be an arbitrary point and U(x0, ε a neighbourhood of x0 got by
shifting U(0E , ε) on vector x0. Besides let V (T (x0), δ) be a neighbourhood of T (x0) got
by shifting V (0F , δ) on vector T (x0). The proof of the Lemma will finished if we show
that the following diagram is true
y ∈ V (T (x0), δ)
(1)
⇐⇒ y − T (x0) ∈ V (0F , δ)
(2) ⇓
y ∈ T (U(x0, ε))
(3)
⇐⇒ y − T (x0) ∈ T (U(x0, ε)).
The equivalence of the double inequalities −δ1F < y−T (x0) < δ1F and T (x0)−δ1F <
y < δ1F + T (x0) implies (1). Since V ⊂ T (U) we have (2). And the equivalence of
the double inequalities −εT (1E) < y − T (x0) < εT (1E) and T (x0) − εT (1E) < y <
εT (1E) + T (x0) implies (3).
Thus for an arbitrary point x ∈ E and its arbitrary neighbourhood U = U(x, ε) there
exists open neighbourhood V = V (T (x), δ) such that V ⊂ T (U).

Since order topology is invariant with respect to the shift of points of the vector space
Lemma 4.1 implies
Corollary 4.1 Weakly additive, order-preserving surjective operator of vector spaces with
an order unit is open iff it is open at zero.
Remind that a metric d on a vector space E is invariant concerning to a shift of
points of E if d(x + z, y + z) = d(x, y) for all x, y, z ∈ E. Define an order metric by the
rule
d(x, y) = ‖y − x‖ = inf{λ > 0 : −λ1E < y − x < λ1E}.
It is easy to see that the following assertion holds.
Lemma 4.2 The order metric on a vector space with an order unit is invariant according
to a shift of points.
Let E and F be vector spaces with an order unit. A product E×F over (0E, 0F ) be-
comes a vector space with an order unit if we will introduce to it coordinatewise operations
of sum and multiplication by number
α(x1, x2) + β(y1, y2) = (αx1 + βy1, αx2 + βy2),
and coordinatewise partially order
(x1, x2) 6 (y1, y2)⇔ (x1 6 y1 and x2 6 y2).
Order norm on E × F is defined by the rule
‖(x1, x2)‖ = inf{λ > 0 : −λ(1E, 1F ) 6 (x1, x2) 6 λ(1E, 1F )}.
Here (1E , 1F ) is one of inner points of (E×F )+ = E+×F+ that is why without losing
generality we assume (1E, 1F ) is an order unit in the product. Denote 1E×F = (1E, 1F ).
Let T : E → F be a weakly additive, order-preserving operator. The set of all pairs
(x, T (x)), x ∈ E, is called a graph of T .
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Lemma 4.3 Let E and F be vector spaces with an order unit, 1E an order unit in E,
T : E → F a weakly additive, order-preserving operator. Then the graph G of T is an
A-subspace of E × T (E) with an order unit 1E×T (E).
Proof. We have (0E, 0F ) ∈ G ⊂ E×T (E) since T (0E) = 0F . Consider (x1, x2) ∈ E×T (E)
and λ ∈ R. Then
(x1, x2) + λ1E×T (E) = (x1, T (x1)) + (λ1E, λ1T (E)) =
= (x1 + λ1E, T (x1) + λ1T (E)) = (x1 + λ1E, T (x1) + λT (1E)) =
= (x1 + λ1E, T (x1 + λ1E)),
i. e. (x1, x2) + λ1E×T (E) ∈ G.

Lemma 4.3 and Remark 3.1 imply
Corollary 4.2 Let E, F be vector spaces with an order unit, 1E an order unit in E,
T : E → F a weakly additive, order-preserving operator. Then the image T (E) is A-
subspace of F if and only if T (1E) ∈ IntF+.
Remark 4.1 Further, during current section, without losing of generality, we will con-
sider such weakly additive, order-preserving operators T for which T (1E) ∈ IntF+. Then
we may assume that T (1E) is an order unit in F . Put 1F = T (1E).
At last we will form a variant of the Open Mapping Theorem for weakly additive,
order-preserving operators.
Theorem 4.1 Let E be a complete space with an order unit, F a vector space with an
order unit, and T : E → F a weakly additive, order-preserving operator such that T (E) =
F and F is a set of the second category. Then
(i) the map T is open;
(ii) F is a complete space with an order unit.
Proof. Let U(0E , ε) be an open neighbourhood. Then according to Remark 4.1 we have
T (U(0E , ε)) = {T (x) ∈ F : −ε1E < x < ε1E} =
= {T (x) ∈ F : −ε1F < T (x) < ε1F} = (by condition) =
= {y ∈ F : there exists x ∈ U(0E , ε) such that y = T (x) and −ε1F < y < ε1F} = U(0F , ε).
It reminds to show that (ii) takes place.
Let {yn} ⊂ F be a fundamental sequence. Then for every ε > 0 there exists a number
n such that at all k > n, m > n the double inequalities
−ε1F < ym − yk < ε1F
hold. One may assume ε = 1
n
. Then − 1
n
1F < ym − yk <
1
n
1F . Since T (U(0E ,
1
n
)) =
U(0F ,
1
n
) there exists xm, xk ∈ E such that T (xm) = ym, T (xk) = yk and −
1
n
1E < xm −
xk <
1
n
1E. So we have constructed a fundamental sequence {xn} ⊂ E. By completeness of
E the sequence have a limit x = lim
n→∞
xn. As T is continuous we have T (x) = lim
n→∞
T (xn) =
lim
n→∞
yn. Then lim
n→∞
yn ∈ T (E) = F . Thus, F is complete space with an order unite.

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Remark 4.2 Note that open mapping principle for weakly additive, order-preserving
operators it is impossible to form as the linear case. In the distinguishing from the linear
case, weakly additivity and order-preserving of T , and being of T (E) the second category
set does not imply the equality T (E) = F . On the other hand T (E) must not be open in
F . At last if T is not onto in Lemma 4.1 then openness of T at zero does not provide it
openness on all the space.
Note that in linear topological spaces does not exist open subspace without all space.
But an A-subspace, distinguished from the subspace, may be open, closed or everywhere
dense in the vector space with order unit.
Example 4.1 Let L = R2 = {(x1, x2) : xi ∈ R, i = 1, 2} be vector space with an
order unit considered in Example 2.1. Then L+ = {(x1, x2) ∈ R
2 : xi > 0, i = 1, 2} is a
positive cone in L. Fix 1 = (1, 1) ∈ IntR2+ = {(x1, x2) ∈ R
2 : x1 > 0, x2 > 0} as an order
unit in it.
a) It is easy to see that the set B = {(x1, x1 + a) ∈ R
2 : −1 < a < 1} is an open
(with respect to order topology) A-subspace, but B 6= R2.
b) Let Q be the set of rational numbers. Then C = {(x1, x1 + r) ∈ R
2; r ∈ Q} is an
everywhere dense A-subspace in R2.
c) The set D = {(x1, x1 + a) ∈ R
2 : −1 6 a 6 1} is a closed A-subspace in R2.
d) Define a map T : R2 → R2 by the rule
T (x1, x2) =


(x1, x1 − 1), at x2 6 x1 − 1,
(x1, x2), at x1 − 1 < x2 < x1 + 1,
(x1, x1 + 1), at x2 > x1 + 1.
It is easy to check that T is a weakly additive map. Let us show that the map T is
order-preserving. It clear that T is order-preserving on B by T = idB.
Let x2 > x1 + 1. Take a vector (y1, y2) ∈ R
2 such that (x1, x2) 6 (y1, y2). The
following three cases possible.
Case 1) y2 > y1 + 1. Then
T (x1, x2) = (x1, x1 + 1) 6 (y1, y1 + 1) = T (y1, y2).
Case 2) y1 − 1 6 y2 6 y1 + 1. Then x1 + 1 6 y2. That is why
T (x1, x2) = (x1, x1 + 1) 6 (y1, y2) = T (y1, y2).
Case 3) y2 6 y1 − 1. Then x1 + 1 6 y1 − 1. Censequently
T (x1, x2) = (x1, x1 + 1) 6 (y1, y1 − 1) = T (y1, y2).
Similarly, one may show that T is order-preserving when x2 6 x1 − 1. Thus T is
order-preserving on all R2.
We have T (R2) = D 6= R2 though the operator T is weakly additive and order-
preserving, and the image T (R2) is the second category. Clearly the image T (R2) is
closed in R2 and it is not open. Moreover T is open at zero but it is not open on R2.
Really for the open neighbourhood U((2, 4), 1) = {(x1, x2) ∈ R
2 : 1 < x1 < 3, 3 < x2 < 5}
of the point (2, 4) ∈ R2 its image T (U) = {(x1, x1+1) : 1 < x1 < 3} is not open in T (R
2).
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5 Order-Preserving Variant of Banach-Alaoglu The-
orem
Let E be a vector space with an order unit. Fix 1E as an order unit. By E
W
+ we the set
of all weakly additive, order-preserving functionals f : E → R. On EW+ define algebraic
operations pointwise. Then EW+ −E
W
+ turns to a vector space with an order unit. Denote
EW = EW+ − E
W
+ . Put E
O = {f ∈ EW+ : f(1E) = 1}. Provide E
W with the pointwise
convergence topology. A collection of the sets of the view
〈f ; x1, . . . , xn; ε〉 = {g ∈ E
W : |f(xi)− g(xi)| < ε, i = 1, . . . , n}
forms a base of open neighbourhoods of f ∈ EW , where ε > 0, xi ∈ E, i = 1, . . . , n.
The main result of the section is the following variant of the Banach-Alaoglu theorem
for weakly additive, order-preserving functionals.
Theorem 5.1 If V is a neighbourhood of zero in E then the set
K = {f ∈ EO : |f(x)| 6 1}
is a compact in the pointwise convergence topology.
Proof. Since neighbourhoods of zero are absorbing sets, for every point x ∈ E there
exists γ(x) R+ such that x ∈ γ(x)V . That is why |f(x)| 6 γ(x) for all f ∈ E
W and
x ∈ E. For every x ∈ E denote Dx = [−γ(x), γ(x)] and assume that τ is the Tychonoff
topology in the product P =
∏
x∈E
Dx. It is well known that P is a Hausdorff compact
space. By the construction we have K ⊂ P ∩ EW . We will show that K is closed in
P . Let f0 ∈ P and f0 = f
+
0 − f
−
0 , where f
+
0 , f
−
0 ∈ P ∩ E
W
+ . Suppose {f
+
α } ⊂ P ∩ E
W
+
and {f+θ } ⊂ P ∩ E
W
+ are nets converging to f
+
0 and f
−
0 respectively. Then owing to
Corollary 3.2 we have f+0 , f
−
0 ∈ E
W , and therefore f0 ∈ E
W . On the other hand |f0(x)| =
|(f+0 (x)− f
−
0 (x))| 6 max{|f
+
0 (x)|, |f
−
0 (x)|} 6 γ(x) by |f
+
α (x)| 6 γ(x) and |f
−
α (x)| 6 γ(x)
for all x ∈ E, α and θ. Therefore |f+0 (x)| 6 γ(x) for all x ∈ E and |f
+
0 (x)| 6 1 so far as
x ∈ V . It means that f0 ∈ K.

Corollary 5.1 EO is a compact in the pointwise convergence topology.
If E is a separable vector space with an order unit then Theorem 5.1 improves as
Theorem 5.2 If E is a separable vector space with an order unit, and K is a compact
(with respect to pointwise convergence topology) subspace of EW then K is metrizable.
Proof. Let {xn} be countable everywhere dense subset of E. For every f ∈ E
W put
Mn(f) = f(xn). By the definition of pointwise convergence topology every Mn is a
continuous function on EW . If Mn(f) =Mn(f
′) for all n then continuous functions f and
f ′ coinside on everywhere dense subset. Thus {Mn} is a countable family of continuous
functions which separate points of the space EW , in particular ofK. HenceK is metrizable
as each Hausdorff compact space which has a countable sequence of real-valued functions
separating its points is metrizable.

Corollary 5.2 If E is separable vector space with an order unit then EO is a metrizable
compact in the pointwise convergence topology.
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